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New methods  of solving l inear  one-d imens iona l  boundary inverse  p rob l ems  of heat  conduction 
a re  p roposed ;  the methods a r e  convenient  for  p rac t i ca l  rea l iza t ion .  

w The solution of l inear  boundary inve r se  p rob l ems  of heat  conduction (IPHC) by va r ious  methods has 
been cons idered  in a number  of works  (for example ,  [1, 6-8 ,  11-16]). However ,  the d i rec t  methods of so lu-  
tion [7, 8, 11-13] a r e  l imi ted  by the l a rge  t ime step of the approximat ion  and r egu la r i zed  methods [14-16] 
usual ly  demand a compute r  with a la rge  m e m o r y .  The p r e s e n t  work  pu r sues  an in te rmedia te  path,  a t t emp t -  
ing to i nc rea se  the s tabi l i ty  of the IPHC solution while re ta in ing the s impl ic i ty  of the d i r ec t  methods of so lu-  
tion. Many l inear  one-d imens iona l  boundary IHPC reduce  to an in tegra l  Vol te r ra  equation of the f i r s t  kind of 
convolution type 

t 

u (t) = S K (t - -  ~) z 0 (~) d~,  (1)  
0 

where  u(t) and K(t) a re  known functions and z0(t) is unknown. This  i m p r o p e r  p rob lem is solved using an in te-  
gra l  equation with a numer i ca l  p a r a m e t e r  by means  of which in [1] the t e m p e r a t u r e - f i e l d  t ime  lag was taken in-  
to account.  The introduction of the n u m e r i c a l  p a r a m e t e r  ~, chosen appropr i a t e ly ,  i n c r e a s e s  the s tabi l i ty  of the 
IPHC solution,  as is conf i rmed by the n u m e r i c a l  calculat ions below. 

The p rocedu re  for  reducing an in tegra l  Vol te r ra  equation of the f i r s t  kind to an equation of the second 
kind is applied to Eq. (2), giving the r e s u l t  

t 

u (t) = S K (t - -  v -[- ~) z~ (~) d~, cc/> 0,  (2) 
0 

by means  of which in [1] the t e m p e r a t u r e - f i e l d  t ime lag was taken into account.  The introduction of the n u m e r i -  
cal p a r a m e t e r  a,  chosen appropr i a t e ly ,  i n c r e a s e s  the s tabi l i ty  of the IPHC solution, as is conf i rmed by the 
n u m e r i c a l  calculat ions below. 

The p rocedure  for  reducing an in tegra l  Vol te r ra  equation of the f i r s t  kind to an equation of the second 
kind is applied to Eq. (2), giving the r e su l t  

K (cz) z~ (t) + ~ OK (t --OtZ + a) z~ (~) aT = u' (t). (3) 

0 

The p rob lem of solving this equation for  K(a) ~ 0 is p rope r .  Introducing the function ~'~(t) = z~(t)K(~) reduces  
Eq. (3) to an in tegra l  Vol te r ra  equation of the second kind in the usual  f o r m  

t 

z~ (t) + ~K (~) ~ OK (t --Ot ~ +a) z= (~) dr = u' (t). (3a) 

o 

Usually in heat -conduct ion p r o b l e m s  K(cr) ~ 0 when a > 0, u(0) = 0, and the functions u(t) and K(t) have con-  
tinuous der iva t ives .  Then Eq. (3a) has  a continuous solution za(t) when ~ > 0. If u(t) has  no continuous d e r i v a -  
t ive ,  it is poss ib le  to use  the method of t r ea t ing  the input data outlined in [3], which ensu re s  a uni form approx i -  
mat ion to the function u(t) i t se l f  and its der iva t ive .  The well-known methods  [4] may  be used for  the n u m e r i -  
cal  solution of Eq. (3): i t e ra t ion ,  l ea s t  s qua re s ,  quadra tu re  fo rmu la s ,  col locat ion,  Laplace  t r a n s f o r m s ,  etc.  
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The n u m e r i c a l  p a r a m e t e r  ~ such that  z~ is a good approximat ion  to the accura te  solution z 0 is chosen 
accord ing  to the d i s c r epancy  pr inc ip le  [5] 

t l  

- .f ( ' , -  + l =co, 
i o 

where  tj is any un i form divis ion of the points  on the in te rva l  [0, tmax]  and 5 0 is the m e a n - s q u a r e  e r r o r  of the 
input data.  If 5 0 is unknown, the q u a s i o p t i m u m - p a r a m e t e r  method [5] may  be r e c o m m e n d e d  for  the choice of 
z~(t).  Some la rge  number  a*  is chosen and a sequence of numbers  cq = a* ~/(0 < fl< 1; l = 0, 1, 2 , . . .  ) is 
cons t ruc ted .  The value ~1o of ~ is found f r o m  the condition 

min ~ [z~ I (t~) - -  z~:_ 1 (tj)p (5a) 
t / 

or  f r o m  the condition of a m i n i m um  of the m a x i m u m  deviat ion 

min max Iz~ l (t~) - -  z~ut (/j)[. (5b) 
t / 

w Di rec t  solution of Eq.(2) is p r e f e r a b l e ,  s ince the sufficient  condition for  Its solution is that  u(t) be 
constant .  In engineer ing  p rac t i ce ,  the solution o f  Eq. (1) is often found by a method involving the a p p r o x i m a -  
tion of z 0 by a discontinuous s tep function. In this ease  Eq. (1) r educes  to the solution of a s y s t e m  of l inear  
a lgebra ic  equations with a lower  t r i angu la r  m a t r i x ,  the e l emen t s  of which a re  diagonally equal [6] 

k 

V,~d;A'~= u(t,,), k = 1, 2 . . . . .  N, (6) 
I~ l  

/4 

zt~ z~ + ' d'ht = S K t ( k - - I  h- l ) H - - [ l d ~ .  (6a) 

0 

Here  H = tmax/N,  t k = kH, and N is the number  of in te rva l s .  The a lgebra ic  s y s t e m  in Eq. (6) may be solved 
using the inve r se  m a t r i x  B* = {b~d} of Eq. (6), which is a l so  a lower  t r i angu la r  m a t r i x  with diagonally equal 
e l emen t s  

k--I  

b*~k = -~.k~,l . b'kt = d-~k-- l ~,=, d~,b~,, k > l. (7) 

F o r m u l a s  for  the solution of va r ious  speci f ic  IPHC by this method a re  given in [6-8]. The main deficiency of 
this method of solving Eq. (1) is the l a rge  value of the c r i t i ca l  s tep H (or AFo) at  which the m a t r i x  d ~ b e c o m e s  
poorly  specif ied [6]. A method of calculat ing l inear  IPHC be t te r  than that  outlined above will now be suggested.  
The bas is  of the method is to solve Eq. (2) with the numer i ca l  p a r a m e t e r  % approximat ing  the solution z~ by a 
discontinuous s tep function. Set 

zm z~(h) + z~(t,_1) 
2 

q n (8) 
am, = S K (t~ - T + =) dr = t" K t ( k - -  t + t) H - -  ~ + ~] d~. 

t l .  1 0 

Approximat ion  of Eq. (2) using Eq. (8) leads  to a s y s t e m  of l inear  equations differ ing only in the ma t r i x  e l e -  
ments  f r o m  the s y s t e m  in Eq. (6). T h e r e f o r e ,  Eq. (2) may  be solved using Eq. (7) for  the inverse  m a t r i x  B = 

* Accordingly ,  va r ious  speci f ic  IPHC may be calculated {bk/} = D - t ,  r ep lac ing  the m a t r i x  e l emen t s  d k by dk/. 
by this method using the fo rmu la s  in [6-8], making appropr ia t e  changes in the equations;  for  example ,  in all 
the fo rmulas  for  the m a t r i x  e l emen t s  din given in Table  1 of [6], the r e p l a c e m e n t  of (n - p) by (n - p + o~/AFo) 
is sufficient  to give the m a t r i x  e lements  din for  Eq. (2). 

A s e r i e s  of calculat ions is made by the p roposed  method,  in accordance  with the q u a s i o p t i m a l - p a r a m -  
e t e r  method.  In m o s t  c a s e s ,  ~* may be taken to be a~max, the value of ~ at which the kernel  K(c~) has a m a x i -  
mum.  Fo r  each number  al (l = 0, 1 . . . .  ) the above method gives a solution z~(t) of Eq. (2) and a quas iopt imal  
value a q o  is chosen f r o m  Eq. (5a) or  (5b). Thus ,  for  the approx imate  solution of Eq. (1), Eq. (2) mus t  be solved 
s eve ra l  t imes  with d i f ferent  va lues  ~l of the p a r a m e t e r  ~. 
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Fig. 1. Conditionality number 
Y for  d i f ferent  methods  of so lv -  
ing Eq. (9); 1, 2) the dependence 
y(c~) for  the m a t r i x  of Eq. (8) 
with N = 20, ~Fo l  = 0.I, and 
AFo2 = 0.05; 3) the dependence 
y(AFo) for  the m a t r i x  of Eq. (6) 
with N = 20; 4) the dependence 
y(~)  fo r  the m a t r i x  of Eq. (8) 
with N = 20, Fo = 0.05; 5) the d e -  
pendence y(~)  fo r  the m a t r i x  of 
Eqs ,  (11) with AFo = 0.1~ N = 
10, m = r = l , p =  0. 

It  may  be expected  that  in the solution of Eq. (2) the p e r m i s s i b l e  s tep H (or AFo) will  be considerably  r e -  
duced as a r e su l t  of the r egu la r i z ing  effect  of the numer i ca l  p a r a m e t e r  ~. To  demons t r a t e  th is ,  consider  the 
p rob l em of hea t - f lux  r e c o v e r y  at the boundary of a semiinf ini te  rod. In this case  Eq. (2) takes  the fo rm 

F o  
;~. 1 C _,, z~ (Fo') dFo' 

[u (Fo) - -  u (0)] xl - V-~-.)  exp [--  1/4 (Fo - -  Fo' + ~)j ] / ~ - - F ~  Fo; ~ - ~  " (9) 
0 

The m a t r i x  e l emen t s  d E / a r e  of the f o r m  

. ( g a )  
2 V AFo (l - -  p+a/AFo) jp--k 

As in [6], the e r r o r  in solving the a lgeb ra i c  s y s t e m  in Eq. (6) with the m a t r i x  D is e s t ima ted  using the condi-  
t ionali ty number  T = II D [I �9 l[ B ]J, which m a x i m i z e s  the s p e c t r a l  conditionality number  of the m a t r i x  [6, 9, 10]. 
Fo r  N = 20, curve 3 in Fig. 1 shows the dependence of y on the s tep &Fo for  Eq. (1), cor responding  to the case  

= 0 in Eq. (9). Curves  1 and 2 of Fig. 1 show the dependence of y on ~ for  the s teps &Fol = 0.1 and A F O  2 = 

0.05, r e spec t i ve ly ,  5 and 10 t imes  l e s s  than AFocr  = 0.5 for  a = 0 [6]. Compar i son  of curves  1-3 shows in 
that  Eq. (9) may  be solved using the s teps  &FOl and & F o  2. Curve 4 in Fig. 1 shows the inc rease  in the condi-  
t i ona l i t ynumber  y with d e c r e a s e  in the approx imat ion  s tep by half,  the total  in terva l  of var ia t ion  of Fo being 
unchanged. 

w The subjec t  of this sect ion is a method of solving Eq. (2) which is able to genera te  the function z~(t) 
with the f i r s t  p continuous de r iva t ives  ove r  the whole of the in terva l  tE [0, tmax].  The function z~(t) is wri t ten 
in the f o r m  of a se t  of m - t h  o rde r  polynomials  

N 

z~(t) = ~ z~l(t), (10) 

where  

zL ~J (t)= ,=0 
0, 

t - -H th-1 )s, tE [tk_x, th], 

t~ [tk_l, thI. 

O0a) 

In Eq. (10a) k gives the number  of the in te rva l  tE[tk_l ,  tk]. On the lef t -hand ends tk_ 1 (k = 2 . . . .  ,N)  of 
the in terva ls  [tk-1, tk] the polynomials  z[k](t) a re  joined e i the r  accord ing  to continuity (p = 0) or  continuously 
with the f i r s t  p (p = 1, 2 . . . . .  m - p )  de r iva t ives .  
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Fig. 2. Dependence of heat- 
flux recovery q(Fo), kW/m 2, 
for different methods of solu- 
tion of the problem: 1) tem- 
perature T(Fo), ~ measured 
a d i s t ance  x i = 1 .8-  10 -3 m 
f r o m  the end of the rod ;  2) 
points  given by the f o r m u l a  of 
[8] f o r  ,xFo = 0.452; 3) r e s u l t s  
of Eqs .  (7) and (8) f o r  A F o  = 
0.1; 4) cont inuous  cu rve  of q(Fo) 
p lo t ted  f o r N = 2 ,  r = 2 ,  m = 3 ,  
p = 0; 5) a c c u r a t e  solut ion of  
the p rob l em.  

To  d e t e r m i n e  the coef f ic ien t s  z [k] the co l loca t ion  method  was  appl ied to Eq. (2). On each  in te rva l  [tk_l, 
tk] the n u m b e r  of co l loca t ion  points  i s m - p. The j - th  co l loca t ion  point  0 = 1, 2,  . . . .  m - p) on the k - th  in-  
t e r v a l  wil l  be denoted  by t [k] = tk_ i + jh;  h = H/(m - p). Tak ing  into accoun t  the junct ion condit ion the funct ions  
z[k](t) and the i r  de r iva t ivekJup  to and inc luding the p-th o r d e r  at  the points  tk_ l (k = 2, 3 . . . . . .  N),  a l i nea r  
s ~ s t e m  of a l g e b r a i c  equa t ions  of  N(m + 1)- th o r d e r  is obta ined  fo r  the ca lcu la t ion  of the coef f ic ien ts  z[k]. I ts  
matrix has a cellular diagonal structure formed by cells of (m + l)-th order s 

DnZ ill = U[ I], 
k ( l Z )  

~ D h _ , Z  t q  = U ekl, k = 2, 3 . . . . .  N. 
i = = l  

H e r e  

0 

z~ q . . . .  

2~ t ]  . . . .  

0 
z [ ' J =  " " " �9 , U [ ' ] =  u ( t [ ~  ) , 2 ' ~ < k ,  l ~ / V ,  (11a) 

�9 ~ ~ o 

�9 . . . 

~'J �9 : . .  

S n , ( s - - l ) l ,  n =  1, 2 ,  . . . , p +  1, 

D~176 n = p +  l + j ,  ] =  l ,  2, . . . , m - - p ,  

D~ = [(n--t,[ l]  l ) l / ( s - -  l)!  (n - -  s)l ,  n = 1, 2 . . . . .  p +  1, ( l ib)  

~n~ , n = p +  1 + ] ,  ] =  1, 2 . . . . .  m - - p ,  

0,  n =  1, 2 . . . .  , p + l ,  

Dh-z = b[.~ - t l ,  n = p + l + j ,  j =  1, 2 . . . . .  m - - p ,  

2 <~ k - - t  <~ N - - 1 ,  
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w h e r e  5ns is the K r o n e c k e r  de l ta ,  while  

]h 

0 

H 

bn[s k- ']  = y K [(k - -  l) H + ]h - -  ~ + a](~j/H)'-x~, 
0 {~<k--lG~--1. 

(11c) 

On the f i r s t  i n t e rva l  t he re  is no junct ion condit ion.  If  r (1 -< r -< m + 1) co l loca t ion  points  t [1]= jh 1 a r e c h o s e n ,  
w h e r e  h 1 = H/ r ,  then J 

Z [ ! ]  

zto'J 
�9 ~ o . 

�9 ~ ~ ~ 

r - - i  

0 

| �9 ~ ~ 

�9 i �9 . ~  

0 

U[!I 

u(t{ u) 
�9 o . ,: 

u #I 1,) 

0 

�9 �9 , . 

0 

[b,~,, 1 ~ n G r ,  ( l l d )  

D,, "- [0, r ~ l G : n ~ m  + 1, 

n h  I 

"b,,s = J'o K (nhl - ~  + ~)(~/H)S-ld'~" ( l l e )  

F o r  the p r a c t i c a l  ca lcu la t ion  of the coe f f i c i en t s  z[ k] it is  expedien t  to r e p r e s e n t  the s y s t e m  of N(m + 1)-th 
�9 s 

o r d e r  as  a se t  of N a l g e b r a i c  s y s t e m s  of  (m + 1)- th o r d e r ,  d i f fe r ing  only in the r i g h t - h a n d  s ides  

D11Z [!] : U[ 1] , 
k - - !  

- -  D Z Uj, DoZ[~] = U[~] X k-z k = 2, 3 . . . . .  N. 
l =  l 

The solut ion of Eq. (12) is given by the f o r m u l a s  

(12a) 

(12b) 

Z [11 = D~-ttU[ '1, 
k-, ( Iga)  

Z[k] = D~-IU[~] - -  X DoiDh-z Zgl, k = 2, 3 . . . . .  N. (13b) 

N u m e r i c a l  ca lcu la t ions  by this  me thod  m a y  be made  on a c o m p u t e r  with a sma l l  m e m o r y .  Set t ing p = 0 
and m = 1 r e d u c e s  Eqs .  (12b) to a p a r t i c u l a r l y  s imple  f o r m .  

It  is of i n t e r e s t  to ana lyze  the dependence  of the condi t ional i ty  n u m b e r  ~/ on the p a r a m e t e r  c~ in the p r o b l e m  
of hea t - f lux  r e c o v e r y  in a semi inf in i te  rod.  Curve  5 in Fig .  1 c o r r e s p o n d s  to the p r e s e n c e  of  a s ingle  c o l l o c a -  
t ion point  on each  in te rva l ;  in this  case  the solut ion z~(t) of Eq�9 (9) is a p p r o x i m a t e d  by a cons tan t ,  p i ecewise  
l i n e a r  funct ion.  It  is  evident  f r o m  a c o m p a r i s o n  of cu rves  1 and 5, c o n s t r u c t e d  fo r  the s a m e  o r d e r  of the 
m a t r i x  and the s a m e  s tep A F o  of the a p p r o x i m a t i o n ,  tha t  the n u m b e r  of the s y s t e m  i n c r e a s e s  on pa s s in g  f r o m  
a d i scont inuous  to a cont inuous app rox ima t ing  function�9 

Resu l t s  given fo r  the ca lcu la t ion  of Eq. (9) by d i f fe ren t  me thods  for  a spec i f i c  dependence  of the t e m p e r a -  
tu re  T on the F o u r i e r  n u m b e r  (k = 1 . 0 8 5 . 1 0  -2  W / m - d e g )  a re  shown in F ig .  2. The n u m e r i c a l  p a r a m e t e r  ~ w a s  
chosen  f r o m  Eq. (5a) fo r  curve  3 and f r o m  Eq. (5b) for  curve  4. T h e s e  c u r v e s  a re  in suff ic ient ly  good a g r e e -  
m e n t  with the a c c u r a t e  solut ion ove r  the in t e rva l  of va r i a t i on  of Fo,  excep t  in the reg ion  of v e r y  sma l l  Fo (Fo < 
C~qo), which  ind ica tes  good a c c u r a c y  of the hea t - f l ux  r e c o v e r y .  The p r a c t i c a l  r ea l i za t i on  of the p roposed  
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methods of solution of linear boundary IPHC is fairly simple. In the considered example, finding a continuous 
solution (p = 0) of Eq. (9) using Eqs. (11)- (13) involves, in practice, the solution of two third-order algebraic 
systems. 

xi 
AFo 
II. II 

N O T A T I O N  

is the thermal conductivity; 
is the coordinate of fixed thermal pickup; 
is the Fourier-number increment; 
is the Euclidian norm of matrix. 
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